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ABSTRACT: We reformulate the nested coordinate Bethe ansatz in terms of coproducts
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equations appears through the parameters 2+ and the dressing phase only.
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1. Introduction and summary

The AdS/CFT correspondence [l has been the subject of intensive research. This duality
provides a powerful tool to study a plethora of interesting topics in theoretical physics.
One of the best studied examples is N' = 4 SYM gauge theory which is conjectured to be
dual to superstring theory on AdSs x S°. However, even testing or proving the duality for
these concrete models is a difficult problem.

A breakthrough in the understanding of this duality was the discovery of integrable
structures. Integrability was found in A/ = 4 super Yang-Mills theory by the appearance
of (integrable) spin chains describing the operator spectrum [B]. The classical string sigma
model on AdSs x S? was also shown to be integrable [[f]. If the full quantum theories also
exhibit integrable structures, then that would constrain them considerably. For example,
in scattering processes for integrable theories the set of particle momenta is conserved
and scattering processes always factorize into a sequence of two-body interactions. This
implies that in such theories the scattering information is encoded in the two-body S-
matrix. Unfortunately, a full proof of integrability of both theories is currently still lacking,
but nevertheless there is a lot of evidence hinting that integrability is a feature of the full
quantum theories.

By assuming integrability one can make use of the S-matrix approach. This proved to
be a powerful instrument to study the operator spectrum of N” = 4 SYM. [B, |- f]. This lead
to the conjecture of the “all-loop” Bethe equations describing the gauge theory asymptotic
spectrum [, §]. For the AdSs x S° superstring, based on the knowledge of the classical



finite-gap solutions [, a Bethe ansatz for the su(2) sector was proposed [I(]. Finally, in
both cases, exact two body S-matrices were found [§, [L1]. These enabled the use of the
Bethe ansatz [B, [2, [[J], confirming the conjectured Bethe equations for physical states.

More precisely, the two body S-matrix (scattering fundamental multiplets) that ap-
pears in this approach, is almost completely fixed by symmetry. Both the asymptotic
spectrum of N' = 4 super Yang-Mills theory [, §] as well as the light-cone Hamilto-
nian [[[4-[[q] for the AdSs x S5 superstring exhibit the same symmetry algebra; centrally
extended su(2|2). The requirement that the S-matrix is invariant under this algebra de-
termines it uniquely up to an overall phase factor [§] and the choice of representation
basis [[J]. In a suitable local scattering basis, the S-matrix respects most properties of
massive two-dimensional integrable field theory, like unitarity, crossing symmetry and the
Yang-Baxter equation [[L1]. Furthermore, the (dressing) phase appeared to be a striking
feature of the string S-matrix and it has been studied intensely, see e.g. [[7-R0. By com-
bining its expansion in terms of local conserved charges with crossing symmetry [R1], one
can find interesting solutions [I7, R3], which incorporates string and gauge theory data.

Actually, apart from the multiplet of fundamental particles, the string sigma model
also contains an infinite number of bound states [2J]. These bound states fall into short
(atypical) symmetric representations of the centrally extended su(2|2) algebra 24-Rq]. Of
course, these states scatter via their own S-matrices. Recently a number of these bound
states S-matrices have been found; they describe scattering processes involving fundamental
multiplets and two-particle bound state multiplets [P7] and the scattering of a fundamental
multiplet with an arbitrary bound state multiplet [P§]. However, invariance under centrally
extended su(2|2) is not enough to fix all these S-matrices. One needs to impose the Yang-
Baxter equation by hand in order to fix them up to a phase. The overall phase that still
remains can be chosen to satisfy crossing symmetry [R7].

Both the fundamental and the two particle bound state S-matrices were shown to
exhibit a larger symmetry algebra! of Yangian type 9-BJ]. Moreover, as an alternative
to the Yang-Baxter equation, the bound state S-matrices appear to be completely fixed
(again up to an overall scale), by requiring invariance under Yangian symmetry [BJ. This
seems to indicate that the Yangian symmetry is restrictive enough to fix all bound state
S-matrices and perhaps should be seen as the fundamental scattering symmetry.

The formulated asymptotic Bethe anséatze, following from the S-matrix approach, only
describe the spectra in the infinite volume limit. However, for a full check of this par-
ticular case of the AdS/CFT correspondence, the complete spectra have to be computed
and compared. Away from the asymptotic region, matters become more involved because
wrapping interactions appear. One way to include these is Liischer’s perturbative ap-
proach [@f] In Liischer’s approach one deals with corrections coming from virtual
particles that propagate around the compact direction. These virtual particles can be both
fundamental particles and bound states. This method has proven quite successful since it
recently allowed the computation of the full four-loop Konishi operator, including wrap-
ping interactions [2§, B7q]. The result coincided with the gauge theory computation [B§-[(],
providing an extremely non-trivial check of the correspondence.

!See [@] for an earlier discussion of higher symmetries of the fundamental S-matrix.



The approach by Liischer is closely related to the thermodynamic Bethe ansatz
(TBA) []. In the TBA one deals with finite size effects by defining a mirror model [23.
Finite size effects in the original theory correspond to finite temperature effects in the in-
finite volume for the mirror theory. Here again, one needs to include all (physical) bound
states. One of the advantages of this method is that one can still use the asymptotic Bethe
ansatz. So far, this has only been carried out for the fundamental multiplets [§, [3, [[3].

In other words, knowledge of the bound states, their S-matrices and the corresponding
Bethe ansétze is crucial for a complete understanding of finite size effects. Because of the
relation between Yangian symmetry and the bound state S-matrices, one might suspect
that the Bethe equations are also closely related to Yangian symmetry. This indeed appears
to be the case as we will explain in this note. The Bethe equations that are derived can be
used to study bound states of the mirror model by analytic continuation [J].

The aim of this paper is to provide a rigorous derivation of the Bethe Ansatz equations
for the bound states, by diagonalizing the multi-particle bound state S-matrices using
Yangian symmetry as a tool. The explicit bound state number dependence in the Bethe
equations appears through the parameters z+ and the dressing phase only. The Bethe
equations emerging in this way, were found, a posteriori, to follow from a fusion procedure.
This justifies the fusion procedure at the level of the Bethe ansatz equations.

The paper is organized as follows. In the first section we recall the basic formulas
of the Yangian of the centrally extended su(2|2) algebra in the superspace formalism.
Subsequently, we will discuss the Bethe ansatz for fundamental representations. Finally,
the Bethe ansatz will be reformulated in terms of coproducts of the Yangian and the bound
state Bethe equations will be derived.

2. Symmetry algebra, coproducts and S-matrices

In this paper the full (Yangian) symmetry algebra of the S-matrix is important. In this
section we will give a brief overview of the Yangian symmetry of the bound state S-matrices.
For more details see e.g [BJ] and references therein.

2.1 The algebra in superspace

We will first discuss centrally extended su(2]2). This algebra is the symmetry algebra of the
AdS5 x S° superstring and it is also the symmetry algebra of the spin chain connected to
N = 4 SYM. The algebra has bosonic generators R, L, supersymmetry generators Q, G and
central charges H, C, C'. The non-trivial commutation relations between the generators are

given by
L2, 3. = 68, — %wc R, 1] = 693, %5%
L2, J¢ = —650° + %533@ RS, = —601° + lagw
{Q4,QF} = €ape™C {6, G} = eeaCt
{Q,G)Y = 9R P + 0L, + %5;;53}31. (2.1)



The eigenvalues of the central charges are denoted by H,C,CT. The charge H is Hermitian
and the charges C,C' and the generators Q, G are conjugate to each other.

For computational purposes, it proves worthwhile to consider representations of the
algebra in the superspace formalism. Consider the vector space of analytic functions of two
bosonic variables wy 2 and two fermionic variables 03 4. Since we are dealing with analytic
functions we can expand any such function ®(w,6):

) = Z (I)Z(w’ 9)7
=0

_ qai...a a1...ap_1Q
D)= ¢ ‘Wey .. Wa, + @ 1%, o W, Oa

+¢a1...azf2aﬁwal .. wa2729a9ﬁ_ (22)

The representation that describes ¢-particle bound states of the light-cone string theory on
AdS5 x S? of centrally extended su(2]2) is 4¢ dimensional. It is realized on a graded vector
space with basis |€q, ;) €a1...ap_1a)» |€ar...ap_s0p), Where a; are bosonic indices and «, 3 are
fermionic indices and each of the basis vectors is totally symmetric in the bosonic indices
and anti-symmetric in the fermionic indices [R4, 5, 7. In terms of the above analytic func-
tions, the basis vectors of the totally symmetric representation can evidently be identified
|€a1...ap) < Way - - - Way, €y ap 1) < Way - Wa, 0o and |€q, q, 1aB8) < Wa, - - - Wa, ,0403
respectively. In other words, we find the atypical totally symmetric representation de-
scribing f-particle bound states when we restrict to terms ®,. For later convenience, we

introduce the notation Wl(ly) gl = (w§m))i(w§m))j (Hém))k(ﬁflm))l, where (m) denotes differ-
ent copies of the representation. Clearly, for an /-particle bound state representation, this
means that i +j+k+1=/¢and k,l =0, 1.

In this representation the algebra generators can be written in differential operator

form in the following way

0 0

b _ b B_pg Y 5B
L) =ws=— Dy 5 T R} =0, a0, 50{07 20, (2.3)
0 0 0 0
a a _ v aBpg Y
Qa a 69 Ga dw, a0, + Ccegpe 95 D
and the central charges are
0 0 0 0
= — - T— i -
C=ab <wa8wa + 6a89a> Cl=cd <wa8wa + 6a89a>
0 0
H = (ad + bc) < "o + 0, TR > (2.4)

To form a representation, the parameters a, b, ¢, d satisfy the condition ad — bc = 1. The
central charges become ¢ dependent:

H=/((ad+bc), C=4Llab, CT=lcd. (2.5)



The parameters a, b, ¢, d can be expressed in terms of the particle momentum p and the

_ ]9 EAy A
“T 2" b= 2677(:5‘ 1)
+ —
_ 9 / A
c=—\sar d_,/%m (1 x+>, (2.6)

where the parameters & satisfy

coupling g:

1 )
+_ — _ — = —_—, _— = wp 27
xt s T~ . p . e (2.7)

and the parameters n are given by
n = en(p), n(p) = etP\/iz— — izt ¢ = e?i€, (2.8)

The fundamental representation, which is used in the derivation of the S-matrix scattering
fundamental multiplets [g, is obtained by taking ¢ = 1.

2.2 Yangians, coproducts and the S-matrix

The double Yangian DY (g) of a (simple) Lie algebra g is a deformation of the universal
enveloping algebra U (g[u,u~']) of the loop algebra glu,u~!]. The Yangian is generated by
level n generators J2, n € Z that satisfy the commutation relations

[JS"HJB] FC'AB"Hm—i-n + O(h)v (29)

where F, 543 are the structure constants of g. The level-0 generators J‘04 span the Lie-algebra.
The su(2]2) Yangian can be supplied with a coproduct in the following way [B]], i3,

Al =T+ Ul eIy + Z Fioly 1l @ I, + O(1?)
AU) =UU, (2.10)

where U comprises a so-called braiding factor.

An important representation of a Yangian is the evaluation representation. This rep-
resentation consists of states |u), with action J2|u) = u"J¢'|u). In this representation the
coproduct structure is fixed in terms of the coproducts of Jp,J;. For the remainder of this
paper we will work in this representation and identify J, = J = JuJ for the su(2[2) Yangian.

+ _ 1 iy

One also finds that u is actually dependent on the parameters * via u; = o

The S-matrix is a map between the following representations:

St Vi (p1,e™) @ Vi, (p2,1) — Vi, (p1,1) ® Vg, (pa, €), (2.11)

where Vy, (pi,ezi5 ) is the f;-bound state representation with parameters a;,b;,c;,d; with
the explicit choice of ¢ = 2. This specific choice removes the braid factor ¢ from the

discussion [[L]].



The bound state S-matrices are now fixed, up to a overall phase, by requiring invariance
under the coproducts of the (Yangian) symmetry generators

S A(J4) = AP(JY S
S A(J4Y) = AP(JY) s, (2.12)
where A°? = PA with P the graded permutation.

For completeness and future reference, we will give the explicit formulas of the different
coproducts and of the parameters a;, b;, ¢;, d;. First, the su(2|2) operators:

AJ) = Iio + I5. (2.13)

The coproducts of the Yangian generators are

A~

N N 1 1 1 1
A(L%Y) = Ly + Lol + §L1?b]142?c - §L1?cl2fb - 5(@175,@2?7 - 5@1?7(@2717

1 1
+ Z 58(@170@2?7 + Z 51?(@1?7(@270

e ea 1 1 1 1
ARY) = R + Rals — gR1RG + 5RERy g + 561Quls + 5 Quipue
1 1
~ 1961 Qs — 795 QG (2.14)

. R . 1 1 1 1
A(Q%) = Qs + Qafs — 5R Qo + 5 Qi R,y — 5Lk Qafs + 5 QLo
1 1 1 1
— Q% + S QHs + i%eadclcgzjd - §eﬁyead<@17d<c2
. . ) 1 1 1 1
A(G%) = G + Gy + gllbez?c - §G1?2L2?b + §R1?VG2717 - §G17bR2(;xv
1 1

1 1
+7HG5 — 1G3H: — e ClQ, + seree™ Q15 Ch

and for the central charges

A(H) = H, + Hy 4+ C,Cl — Clc,
R | 1

AC) =Ci+Co+ 5H1C2 — 5CiHy (2.15)
A P | 1

ACH = €l +Cl+ §ch; - 5@}}1412.

The product is ordered, e.g. Q1 Q2 means first apply Q2, then Q; (as differential operators).
Finally, the coefficients used in A are given by:

+ —
i g m .19 Ty [Ty
g =—e P | =— di =i,/ —=—— | — — 2.16
! \ 244 oy ! 201 m (mf > ( )
_l’_



oo |9 N IR N
2 252772 2T 2l m2 \ x5

_l’_ p—

g m . [ g Ty [Ty
=, /== dy =iy | =22 - 2.17
“ 205 2 > 2t i <x§ > 217

P2

i L= ot
Ny =e'i4\/ixy —iT,

The coefficients in A° are given by:

N N I O
! 201 of ! 201 i7" \zf
ny = 't 1x] — 1T
_l’_
op __ g _op op __ i1p1 g 1 <‘T2 >
Qg =5, by" = —ie = = -1
2 205 2 2 205 7]; 332_
+ —
P — _mim in_gp dP — . |9 T2 <$_2 _ 1)
O
2 20y z3 2 202 15" \ a3
ngp = ei% ei% Z;pz_ — Zgj‘;_ (218)

The non-trivial braiding factors are all hidden in the parameters of the four representa-

tions involved.

3. The su(2|2) coordinate Bethe Ansatz

In this section we will briefly discuss the coordinate Bethe Ansatz for the su(2|2) string
S-matrix as done in [§, [[3].

3.1 Formalism

Consider K excitations with momentum py, ... ,Pr1. We divide our space into regions
P|Q, with P, Q permutations. In the sector where the particle coordinates are ordered as
rg, <...<zg,, the ansatz for the wave function is given by

D1y .. DRT) = Z/d:n {AZ;\%IKI ePP;TQ; } ¢ (21) ... O (2 p1) (3.1)
P

The indices a; denote the type of the ith particle and ¢% (z;) is a creation operator that
creates a particle of type a; at position z;. In general when the system contains bound
states, the indices a; also run over bound states. The different sectors are related to each
other by permutations and S-matrices. To be more precise

APIQ — s, ,AP19 (3.2)



where P’|Q’ are the permutations obtained from P|Q by interchanging the neighboring ith
and jth particles. To make this transformation property more explicit we will write

APIC = APIC g, .. w,,, (3.3)

al...ag ai...ag a1

where we do not sum over repeated indices. Periodicity of the total wave function is then
formulated in the following Bethe equations

SEAPIC .= Spp_1 .. SpriSk - . - Sk AT = PRl APIC, (3.4)

The Bethe ansatz now consists of making a ansatz for the coefficients A”!2 in such a way
that they solve (B.4). This ansatz is then plugged in the above formula and the explicit
Bethe equations can be read off.

Obviously, since any scattering process reduces to a product of two body scattering
processes, we only need to consider two sites of the wave function. In what follows we will
solve the for the coefficients A”'2

U1 Bpe1”

3.2 Solving the coefficients

We will now solve the coefficients for the su(2[2) S-matrix for fundamental representations.
In order make the derivation more transparent, we explicitly identify the coefficients A%
with states |-) € Vi(p1) ® ... @ V1(pgr). From now on we will omit the explicit mentioning
of the sector P|Q we are in. The different sectors are related via relabelling of momenta
and interchanging of particle positions and hence the coefficients should be well-defined in
the sense that they should respect this. From (B.9), we see that in order to be well-defined,
we must have that

S|¢) = |d)x, (3.5)

where |¢), is the coefficient as constructed in the sector P’|Q’.
Let us first define the vacuum:

0y =w . wl, (3.6)

One can also take other vacua but this leads to equivalent equations. If we, for the moment,
consider the undressed S-matrix, we find that

S[0) = |0). (3.7)

In the light of (B.5), we indeed find that this vacuum corresponds to a vacuum in all sectors
P|Q and is well defined.

The complete dressing phase Sy(p;, pj) can be easily incorporated by a rescaling
(K)

(1)
0) = WL Wy (3.8)

\/ Hi;ﬁj SO(pupj).
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Figure 1: Example of the construction of the coefficients in the different sectors. The black dots
correspond to the bosons of the vacuum, W7, and the red dots correspond to the inserted fermions.
The construction is well-defined if, by acting on the coefficient in the upper left quadrant by the
S-matrix, one obtains the coefficient in the lower right quadrant.

This works because So(p;,pi) = So(pj,pi)~!. To avoid making the formulas too cumber-
some, we will restrict to the undressed S-matrix in the remainder of the paper. We will, of
course, include the dressing phase in the full Bethe equations.

The next thing to consider is the case where we have a fermion in this vacuum (the
case in which the other boson is inserted is treated later on). We make an ansatz of the
following form:

Z‘I' WO w0 W) = f) [T M ). (39)
1<k

We will denote S(y,p) = S"W!(y,p). We must check whether this construction is well
defined in the sense that it respects (B.H). How this works is schematically depicted in
figure [l

By the factorization property of the S-matrix, it suffices to restrict to a two particle
state and a two particle S-matrix. For this case (B.H) gives the following equations

’ﬁ
,_.

6 T](pg) ‘Ti_ B ‘Tl_ iP1 x; — x2_
) +e2 —= ,p2)S(y, — :
o p2 7’](]?1) ‘Ti_ — x2_ f(y pl) xi_ _ x2_ f(y p2) (y p1) f(y p2)

;P2 xf —ad 3 — x5
Pl "2 flyp) + n(pl)% f(y,p2)S(y,p1) = f(y,p1)S(y,p2). (3.10)
T1 — T n(p2) xi —

These equations can be solved explicitly and the solution is given by:

x;, gfk
Fy.pe) = nlpr)y | ==
xk - xk
€, — .Z'
Sly.pr) = || =Lk (3.11)
Ilfk Yy — Ilfk

where y enters as a integration constant. With a modest amount of foresight, we choose
the overall normalization of f to be dependent on the bound state number £j.

Actually this solution is the unique solution of (B.§) for one fermion in the vacuum up
to overall normalization (and hence the only well-defined coefficient for this case). This
can easily be seen from (B.1(). The general wave function is of the form

o) = AW w4 aawPw@ w4 (3.12)

«



Since we are only interested in solving (B.4), the normalization of the state is irrelevant.
Let us therefore pick a convenient normalization, A1 = f(p1), then by the first equation
of (B.10) one finds Az in terms of A;. This indeed fixes As as f(p2)S(p1) and by induction
the rest of the coefficients also follow. Finally, let us stress that by fixing the normalization,
one automatically finds from the S-matrix that the other coefficients of the wave function
are of a factorized form.

The problem becomes more involved upon inserting two excitations. In this case, it
appears that the ansatz for the coefficient can be written as

laf) = ’amywz + SH‘Q@myza (3.13)

where we introduce a new S-matrix S

SMaB)yrys = M(y1,2)[aB)yay, + N(y1,42)[B0) gy, - (3.14)
Explicitly, it is given by

laf) = 3" Uy U)W oW w4

k<l
+STY W) W)W o w ) (3.15)
k<l
+e” Z U (y1) W (y2)h(yr, yo, o)W W)

k

When we restrict to just two sites, the wave function splits into the sum of a wave function
with just one fermion. By construction, this piece is exactly as described above. The other
piece contains two excitations and is given by

laB) = {f(y1,p1)f(y2,p2)S(y2,p1) + M f(y2, 1) f (y1,p2)S (y1,p1)} W(S)Wém
N (g2, p1) F(y1,92) S, o) WS WP
+eh(y1,y2,p1) £ (2, p1) £ (g1, 1) Wy VW (3.16)
+ePh(y1, y2, p2) f (Y2, p2) £ (y1, p2)S (ya, p1) S (yr, pr) W WP

Plugging this into (B.H) again allows one to find the explicit (unique) solutions of the
unknown functions:

2i/g
M(ybyz) = 1 T 5
1 1
Y+~ Y2y,
Vit Y27, 7
Y S T ST kY Y1 — Y2
h(y17y27pk) = / 3 — T T 5
k1(Pk) Y1y2 x, e R

In this process, we introduced a new S-matrix and we also insist on naturalness of the wave
function with respect to this S-matrix, S''. One can repeat the above procedure to deal

— 10 —



with this. For details we refer to [[[J, §]. In this process we are again lead to introduce new
functions S £(2) GULIL GULUL The result of this consideration is

S = M- N=1

w_l

1O (w,p) = ——2—
w— Vg —
w — U + L
ST (w, yi) = m (3.18)
g
2i
SIII,HI(wl’uQ) _ wy —wy — 7

) )
wl—w2+%

The Bethe equations (B.4) are formulated in terms of the factors used in the ansatz in the
following way

11 KB
etar =TT [[SP4 @l 2t),  (B1) # (A k) (3.19)
B=I1=1
where A, B denote the different levels and S4Z can be seen as the S-matrix describing
scattering at different levels. Moreover, e*1k = e7#Pk and etk = etlink = 1 are phases.
By putting all of this together one obtains the well-known Bethe equations describing
the asymptotic spectrum of the AdSs x S° superstring:

K! T e E - I (9 B o
ippl _ s, T =T [Ty Ty T — Y Ly
€ = (P, P1)—= ¥ . v @\

a=11=1 T — Y k

=11k Ly — I Ly Ty =1
Ko@) o =Ry L gl
T ) L 3 ’ (3.20)
(@) =\ 2 (@ 1 () i '
1=1 Yg Ty ko1=1 Yy o) w g
K{ w;ia) _ ylga) _ ﬁ + é K5 w,(f) B wl(a) _ %
=l e e
1=1 Wg Y FORREE Wy, Wy Ty

where a@ = 1,2 reflect the two copies of su(2|2) and Sy(pk,p;) is the overall phase of
the S-matrix.

Notice that in this construction, the explicit form of the S-matrix is used. However,
since not all bound state S-matrices are known, one must approach this problem in a
different way if one wishes to find their Bethe equations.

4. Bethe ansatz and yangian symmetry

In this section we will generalize the above construction to arbitrary bound states. We will
do this by considering coproducts of (Yangian) symmetry generators. This formulation
allows us to solve (B.§) without knowing the explicit form of the involved bound state S-
matrix. This will lead to the Bethe equations for arbitrary configurations of bound states.

— 11 -



4.1 Single excitations

We will again start by considering a single excitation in the vacuum

0y =wQ@ . w (4.1)

141 . 14K "
As noted above, it suffices to restrict to two bound state representations. The natural
generalization of a single excitation wave function is:

o) =YWl oW, W ) = fe) [] S wam), (42)
i <k

Restricted to two sites, the wave function is of the form

o) = f(pl)Wo(}lzzrl Wl(i) + F(p2)S(pyW P W)

141 allz—1

(4.3)

where we again have chosen a particular normalization. The remarkable fact is that one
can write this as:

AQLI0) := <K0(p17p2)A@,11 + Kl(pl,m)ﬁ@é) |0), (4.4)
with
K 2wy {wywy (afwg —1) —afay (1+ a7 [o) +ap +a5])}
0= "\7 L x
g (g —a7)(2z{zgzy 29 — 27 Ty — 27 T3)

Vo) V()
K, - V2 vy vy afaf [f(m)S(pl) e-"zf<p1>]

y [f(m)S(pl) e-“’fﬂpl)] L )

PR (ay — )@l afaray —avay —aiad) | Ven(p)  Van(p)

For the moment let us keep f,S arbitrary. The invariance of the S-matrix under Yangian

)

symmetry means that
SAQL = APQLS,  SAQ! = APQLS. (4.6)
In other words, we find:
Sley =8 <K0(p1,p2)A@,11 + Kl(Phpz)A@}l) 10)
= (Ko(th)AOp@i + Kl(Plypz)AOPQ}X) S10) (4.7)
= <Ko(p1,p2)A0p@,11 + Kl(Pl,m)AoP@}l) 10), (4.8)
since S|0) = |0). However, we also have
@) = (Ko(szpl)AOpQ}x + Kl(m,pl)AOp@i) |0). (4.9)

This means that (B.§) corresponds to requiring that Ky and K are symmetric under
interchanging p; < ps. In other words, to find a well-defined coefficient, we have to solve

Ko(p1,p2) = Ko(p2,p1), Ki(p1,p2) = K1(p2,p1), (4.10)

for the functions f and S.
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It is straightforward to prove that ([.1() is equivalent to the equations:

K f(p1) +Gf(p2)S(p1) = f(p2)

Lf(p1) + Hf(p2)S(p1) = f(p1)S(p2), (4.11)
with
K % Von(ps) of — ay O %t T
= Tm + _ - I
¢tz Vln(pr) af — T4 — T
L= e_i%M H= Vln(py) 3 —xy (4.12)
- = =7 —. :
] — 21)(p2) ¥ — 5

These equations are solved by the f, S found before, i.e. we again find (B.11]) as unique solu-
tion. The discussion from the previous section holds also here. By fixing the normalization
of the first term to be f(p1), one finds that the second term is factorized and fixed.

Moreover, notice that from this construction we can read off elements of the S-matrix.
Namely, the coefficients that deal with the scattering of W(ii)el,lwgz) and Wéel) VV@)‘32 1
We compared the found coefficients with the explicit known S-matrices and we indeed find
perfect agreement. For example, for SBP they coincide with ag, ag,a3; and as, cf. 7).

In conclusion, symmetry of the coefficients uniquely fixes the form of our wave func-
tion. We can now write the wave function, restricted to two sites, completely in terms
of coproducts and as a consequence (B.J) is automatically satisfied. Finally, the explicit
expressions for Ky, K are

Ko a;l a:2 vy xyafxd (27 + oy +af +23)
(Pr P2,y o\ 2f (y—a27)(y—z3) Y Tortmatal —zix, —otad
1 2 1) 1 Lo Ty T 1% 122
+, .+
Ki(p1,p2,y) 41\/ T \/% [ xl Tp 1 s - 4 . (4.13)
xl y—ay) _352) 22, xy xl Xy Ty — X Ty

This consideration is valid for any bound state numbers and hence wave function (f.3) is

valid for any bound state representations. In particular, all bound state representations
share the same S™! and hence that part of the Bethe equations remains the same.

4.2 Multiple excitations

When dealing with two excitations, one needs to introduce a level II S-matrix that deals
with interchanging y; and yo.

Fundamental representations. Let us first restrict to fundamental representations and
reformulate this in terms of coproducts. The wave function was of the form

laB) = |aﬁ>y1y2 + SH|045>y1yza (4.14)

where

Sll‘a@ylyz = M(y1, y2)‘a5>y2y1 + N(y1, y2)‘5a>y2y1- (4.15)
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The natural way to write this would be:

@B = { By QLA Qh) + easdy, 1, L3 | 10) (4.16)

with
Al oLy = Lo(y1,y2,p1, p2) ALY + L1 (y1,y2, p1,p2) ALY (4.17)

By taking o = 3, one easily checks that the first part is indeed of the form (Ale}x) (AyQ Q};)
Hence, we have to solve Lg, L1 such that our ansatz gives
{£(1.01) f (2, 92)S (W2, p1) + M f (g, p1) £ (y1,2)S (1, p1) } WO WS
+Nf(y27pl)f(yhp2)S(yl7p1)Wﬁ(1)Wo(¢2)
+e PRyt y2, p1) £ (Y2, p1) £ (1, 1) Wa D WL (4.18)
+¢Ph(y1, ya, p2) (v, p2) £ (91, 92) S (2, p1)S (1, p1) W, W,

where we keep the functions M, N, h arbitrary. This gives two equations for Ly and two
equations for Lq. Hence, requiring symmetry under p; < po will give us four equations
which can be shown to be equivalent to the following set of equations:

{fi2fa1822 + M faa f11.512} = {f11f225n + Mf21f12511}D ;_ Ly N fo1f12511 b g b
+ (= firfarhi21 + fi2f225115921 h122) %
N fa2 f11512 = {f11f22501 + Mf21f12511}D g b + N fa1 /12511 b —21_ b
— (= furfarhiz21 + fi2f22511821h122) %
f11f21512822h121 = {f11f22501 + (M — N)f21f12511}§ (4.19)
+fi1fa1hi21 ! _2 & + f12/22511521h122 ! —; b
fizfa2hio2 = —{fi1f225n + (M — N)f21f12511}§ (4.20)
+f11farhi2 L+ B + f12/22511521h122 ! _ZB,
where, for convenience, we introduced the short-hand notation fx; = f(yk,p1), Sk =

Sy, p), M == M(y1,y2), N := N(y1,y2) and hiji = h(yi,y;.pr). The coefficients
B,C,D,E,F are given by

2y (3)? — (a7 ey +1)(zy +a)ad + 205 xf
T —ay)zy
e 2 (v —a7)

2
(1 —zyay) (2] —x3)

b 0 vi03)(@

_ip1

. Ty
C = 2in(p1)n(p2) ==
Lo
4 om
p=""%°" (4.21)
Tg =71 e
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(27 (23 (27 = 22]) + Da] + (2 + a7 (x52] —2))a7)
(1 —ayay)(af —ay)af

oo @ (el —a) ey —ay) @y —af)

npon(pz) (1 —ayzy)(a] — )

ipq
e 2
ipo

2

E =

e

It is readily seen that these expressions coincide with elements from the fundamental S-
matrix. Remarkably, these are exactly the same equations that arose in the nested Bethe
Ansatz. In other words, the coefficients B,C, D, E, F' correspond to elements from the
fundamental S-matrix and we again find (B.17) as the unique solution for M, N, h.

It is worthwhile to note that in this way, we have derived the complete fundamental
S-matrix. This derivation differs fundamentally from the standard derivations [[[1], ] since
it depends crucially on the full Yangian symmetry. There might be a relation with [i4]
where the fundamental quantum S-matrix was also derived from Yangian symmetry.

To conclude, let us give the explicit solutions for Lg, L1,

g(y1 — y2)xy Ty

L(] = — — — — — X (422)
2i(y1 — 1 )(y2 — 21 )(y1 — 23 ) (Y2 — 73)
wyay oy ag (v + a5 +af +a3) y1yar) Ty
Nty - —— = —— —
20Ty T{ Ty — T Tg — T] T 20 Ty T{ Ty — T Tg — T] Ty
1 1 1 1
{oit+os—ai —ai)eras ~atop) - (= o+ ox o= ) ey +atad)]
Lo Ty Ty Iy
Y1Y2x] Ty digtayayafxg
le — — — _ (yl_y2)+ + + - - [ + F
(y1 — 27 )(y2 — 27 )(y1 — 23 )(y2 — 23) 20 Ty Ty Ty — Ty Ty — Ty Ty

Note that they are indeed manifestly symmetric under p; < ps.

Bound states. One might hope that it is possible to repeat the construction of previous
section and find explicit elements of the bound state S-matrices again. However, when
considering bound states, one encounters a difficulty. There is a new term, which is of the
form Wo(jﬁ)le ,—2- This term behaves exactly like W;g -1 and therefore it is hard to rewrite
rewrite everything as in (1.19) in a unique way and read of S-matrix elements.

Nevertheless, we redo the procedure and try to match ([L.16) to the obvious general-
ization of the two excitation ansatz

k l K
aB) = > ) W)Wl WL W W)
k<l

+st Z \I’k(yl)\l’l(w)wl(ell) . Wﬁzrl . [gll)erl o Wl(‘flz? N
k<l

o k
+e BZ\I’k(yl)\l’k(y2)h(ylay27pk)W1(zll)---Wélz)kfl -'-Wl(é? +
K

+ 3 Ol Ur(y) g, yo, )W W W, (4.23)
k
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Or, restricted to two sites

aB) = {f(y1,p1)f (y2,02)S (w2 p1) + M (y2.21) f (1, 92)S (1,0} WD, Wﬁ(firl

+N F (Y2, 1) F(y1,02)S (1, pOW 1), W

+9(y1, yz,pl)f(yl,m)f(ymp1)Wfﬁ)zrsz2

+9(y1,y2,2) f (Y2, pz)f(yhpz)S(y1,p1)S(y2,p1)erlf Wfﬁ)w (4.24)
+e*h(yn, y27pl)f(yz,pl)f(yl,p1)W2(112171 Wl(ezz)
+ePh(y1, y2, p2) (Y2, p2) £ (51, 92)S (92, p1) S (y1, PO )W W,

This is indeed possible and imposing symmetry of L, L as before provides equations that
are uniquely solved by g(y1,y2,px) = Z’glf_kl(l + M — N) and (B.17). These factor are, more
or less, expected from fusion. Plugging these solutions back in Lg, Ly, we find the same
functions Lo, L1 as in (fE23) but one has to bear in mind that now 2 parameterize bound
state solutions.

For completeness, we give the explicit two particle wave function (restricted to
two sites):

@) = {F (w1, p1) f (g2, 92)S (92, p1) + M f(y2, 1) f (y1,92)S (wr, p1)} W), WD)
+Nf(y27p1)f(y1,p2)5(y17p1)W5(12171W£2123271

l—1
g (L M = N) f 1) o )W 2 W)
by —1 Wyr7(2)
50 (14 M = N)fyr, p2) f (Y2, 2) S (W1, 01) S (W2, POW ey W gy o (4:25)

+e*h(yn, yz;pl)f(y%pl)f(yhpl)WQ(llzrl Wl(e22)
e h(y1, y2, p2) f (2, p2) £ (41, 02)S (2, 1) S (1, p1) W Wie),

with f,S,h, M, N as in (B.11), (B.17). By construction, this wave function satisfies (B.5)
for any bound state S-matrix. Hence this solves our two excitation case. In particular one
finds that also the level IT S-matrix, SU is unchanged for bound states.

4.3 Bethe equations

By making use of coproducts and Yangian symmetry, we have found a way, independent
of the explicit form of the S-matrix, to write down Bethe wave functions. This allowed us
to find S and we found that the level two S-matrix, S! remains unchanged. Hence all
the higher level factors also remain unchanged. In other words, this yields that the Bethe
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equations for any combination of bound states are given by:

KI

. ot —x |xfa; ? 2 Ko y( @) xh
i — ] [sm,pl) L | TS
I=1,1k Te =@ N T | oSy wy — g VT
SO Uik chilihe
=155 H S (4.26)
=1 Y~ VT =1 Y +y£a>—wl ~ 3
Kiey wi®) =y — A5+ £ KGeh wi —w® — 7
=11 (a)_(a)_#_in @ oz
=W T Y T e Ty e WE T +3
with
L1 1 2 ay
Tty - —=—y, = =ePh (4.27)
Xy, xy, g X,

However, note that apart from the parameters z&, the phase factor Sy (pk, p1) also implicitly

depends on the considered bound states via [P7]:
L 4 4
7\ 2 [z 2
So(p1,p2) = <—i> <%> (1, 12) X
Ty T
l1—1
x/Gly — )Gl + 1) [ Glla — & +21).  (4.28)
=1
The derived Bethe equations coincide with the equations one expects from a fusion proce-

dure. This justifies a fusion procedure at the level of the Bethe ansatz equations.
Finally, we will present the Bethe equations in the mirror theory since they will have

applications there for the TBA program. In the mirror theory the parameters a,b,c,d

+

describing the symmetry algebra have the same dependence on = as in the original theory.

+ are now dependent on the mirror momentum

. l; 442 .
+ _ "
z; (p) = 2% <— L+ E1p F 1) <_f_z - z> : (4.29)

To analyze bound states in the mirror theory it is more convenient to pick up a vacuum

However z

build up out of fermions (s[(2) sector). The derivation can be repeated for this case and
the Bethe equations are given by [RJ]

2 (a) ( ) _

KI
e | ) HH @ :E—i

1=1,1£k a=11=1 T, — Y Ly,
(o) 1 (o) P
Koy i + = —w,  +*
- H y'f % T T SR (4.30)
=1 yk I k z 1 NO) l g
k
KIII
L ()wk —yk —?—Féﬁ) ](Ca)_wl(a)_%
w'® (@) 1 4 w'® a4 2
=W T Y T Ty e Wy T
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where § is the mirror momentum and z¥ are now given by ([£29). The —1 on the left
hand side is due to anti-periodic boundary conditions for the fermions [2J]. For a detailed
account of the mirror theory and its analytic properties we refer to [RJ].
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